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Abstract-An approximate Riemann solver is presented for the solution of the pseudo-unsteady 
equations representing steady inviscid flow of an ideal gas, commonly known as the H-system. A 
simple modification enables nonideal gases to be treated. The scheme applies to the system in 
generalized coordinates enabling the use of body-fitted meshes. The scheme is applied to a standard 
test problem of flow down a channel containing a circular arc bump. 
1. INTRODUCTION 
Recently in [l], an approximate linearized Riemann solver was proposed for the unsteady Euler 
equations of gas dynamics in two dimensions. The scheme, which represented a generalization 
of an earlier scheme [2], has good shock capturing properties and has proved successful in its 
application to some standard test problems. In many applications, however, only the steady 
state solution, with a constant state at infinity, is of interest, and it is not necessary to use 
the full Euler equations, but to assume that the flow has constant enthalpy, which we elaborate 
on more fully in Section 2. In such situations, it is appropriate to use a simplified Riemann 
solver for the reduced set of equations. We seek here to devise a scheme that has good shock 
capturing properties and applies to this modified set of equations. We discuss the ideal gas case 
for simplicity; however, the scheme can easily be generalized for real gas flows. 
In Section 2, we consider the Jacobian matrix of the flux functions for the system of equations 
under consideration written in generalized coordinates, and in Section 3, we derive an approximate 
Riemann solver for the solution of these equations. Finally, in Section 4, we display the numerical 
results achieved for a standard test problem in gas dynamics. 
2. EQUATIONS OF FLOW 
In this section, we state the equations of Aow considered and give the eigenvalues and eigen- 
vectors of the Jacobian matrix of one of the corresponding flux functions. We discuss the ideal 
gas case for simplicity, but the extension to nonideal gases is straightforward. 
2.1. Equations of Motion 
The full unsteady Euler equations describing inviscid flow of an ideal gas in two dimensions 
can be written in conservation form as 
wt+gz+q/=o, (2.1) 
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where 
W = (P, m PV, elT, 
B = b-w P + PU2, P’u, wwT, 
@ = (PJ, PW P + PJ*, wmT. 
and 
(2.2) 
(2.3) 
(2.4) 
The quantities (p, U, u, e) = (p, u, 21, e)(s, y, t) represent the density, velocity in the two coordinate 
directions, and total energy, at a general position (z, 9) in space, and at time t. The total energy 
is given by 
(2.5) 
where p is the pressure, and y is the ratio of specific heat capacities of the fluid. The total 
enthalpy H is defined by 
pH=e+p. P-6) 
(In the nonideal gas case, equation (2.5) is replaced by e = pi + (1/2)p(u2 + u2), where i is the 
specific internal energy and is related to the pressure and density through an equation of state 
of the form h(p,i,p) = 0. In the ideal gas case, this equation can be written p - (y - 1)pi = 0.) 
In many applications, only the steady state solution, with a constant state at infinity, is of 
interest. In this case, a reduced system can be derived by combining the steady energy equation 
(PH)~ + (pvH), = 0 with the steady mass conservation equation (pzl), + (PW)~ = 0 to give 
uH,+vH, =O, (2.7) 
implying that enthalpy is constant along streamlines. Furthermore, for applications where all 
the streamlines originate in the constant free-stream, H must be the same constant, Ho, say, on 
each. Substituting equation (2.6) into equation (2.5) gives 
p=p(Y-l) Hc, - f (u2 + v2) , 
Y 
(2.8) 
and replaces the energy equation of (2.1). This algebraic relation, together with the first three 
equations of (2.1), i.e., 
wt+f,+g,=O, (2.9) 
where 
and 
(2.10) 
(2.11) 
(2.12) 
forms the standard pseudo-unsteady system for the Euler equations. 
Thus, this paper is concerned with the solution of equations (2.9)-(2.12), together with equa- 
tion (2.8), and we call this the H-system, following Viviand [3]. This set of equations is sometimes 
also referred to as the equations of isenthalpic or isoenergetic flow. 
Most applications, however, involve nonrectangular boundaries or bodies, and it is appropriate 
to use body-fitted meshes for such problems. In these cases, it is necessary to derive a numerical 
scheme for the solution of the H-system, written in terms of generalized coordinates. 
Introducing the transformation z = s(<, n), y = y(& r]) into equations (2.9)-(2.12) gives 
(Jw)t + FE + G, = 0, (2.13) 
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where 
w = (P, PU, P”JT, (2.14) 
F(w) = (PK YIP + PG pvVT> (2.15) 
G(w) = (PV, puv, ~CP + pvv)‘, (2.16) 
u = yllu - xqv, v = -ycu + XEV, and (2.17) 
J = XEY~ - G,YE (2.18) 
is the Jacobian of the transformation. Equations (2.13)-(2.18), together with the pressure equa- 
tion (2.8), represent a system of hyperbolic conservation laws for p, U, and w as functions of time t 
and the generalized coordinates <, 77, and it is this form of the H-system that we now consider. 
2.2. Jacobian Matrix 
The Jacobian matrix A = g is given by 
0 YV --xv 
A= 
-UU f Y,$ 
+y&qd + 3) 
u+Y,F -xqu - y&G ) 
-VU YO” u - xqu 
with eigenvalues 
x1,2,3 = 1/11 
and corresponding eigenvectors 
where 
q2 = ( 1, (Y + 1) 
T 
- u f 9’2, v 
2Y > 
) 
(2.19) 
(2.20) 
(2.2la-b) 
( 
T 
e3 = xqu2 + u(x,u + y7p) x?Ju + YVV, - y,a2 
Y-1 
- +4x+ + YqU) ‘y-l 
> 
1 (2.21c) 
a2 y-l 2 
r=--+ - ( > U2 Y 2-Y 
and where the sound speed a is given by 
a2 = $ = (y - 1) Ho - ;(u2 + v”) , 
(2.22) 
(2.23) 
from equation (2.8). Similar expressions can be found for the Jacobian $$. 
3. APPROXIMATE RIEMANN SOLVER 
In this section, we develop an approximate Riemann solver for the H-system in two dimensions, 
and in terms of generalized coordinates, which incorporates the technique of operator splitting. 
We seek to solve equations (2.13) approximately using operator splitting, i.e., we solve succes- 
sively 
(Jw)t + FE = 0, and (3.la) 
(Jw)t + G, = 0 (3.lb) 
along E- and n-coordinate lines, respectively. We consider approximate solutions of eq. (3.la); 
then a similar analysis will give approximate solutions of equation (3.lb). 
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3.1. Wavespeeds for Nearby States 
Following Godunov [4], we consider the solution at any time to consist of a series of piecewise 
constant states. We assume that the mapping from the physical space (2,~) to the computational 
space (& n) has been constructed analytically or numerically [5] enabling body/boundary fitted 
coordinates to be used. We assume further that on a &coordinate line q = 770, the data is given 
at equally spaced mesh points, and between two adjacent ones &,, en, the analytic or numerically 
constructed values of z9 and ytl have the constant values X and Y, respectively. Our aim is 
then to solve each of these linearized Riemann problems approximately. Consider two (constant) 
adjacent states WL, wn (left and right) close to an average state w, at points & and CR on the 
<-coordinate Iine under consideration. Assume that we have approximate eigenvectors 
r1,2 = 
(7 + 1) 
1, - 
2Y 
and 
r3 = xu + YV, s + U(XU + YV), $$fV(XUCYV) 
(3.2a-b) 
corresponding to the average state w, and where T and a are given by equations (2.22) and (2.23). 
We now seek coefficients ~1, crf~, as, such that 
Aw = alrl + crgr2 + a3r3 (3.3a-c) 
to within 0(A2), where A(*) = (‘)R - (‘)L. 
From equations (3.3a) and (3.3c), we obtain 
(3.4) 
but 
A(@) = p AZ + Z Ap, Z=U or v 
to within O(A”), so that 
o3 = (7 - 1) 
-jg-pAv. 
Also, from equations (3.3a-b), (3.5a), and (3.6), we find that 
(3.5a-b) 
(3.6) 
(al - cY2) = - PAN + (Y - 1)~ 
2yrl/2 CAP 
XpAv 
l-112 - a3(Xu + yv>> - T1/?y’ (3.7) 
to within O(A2), and equation (3.3a) gives 
QI + ~2 = Ap - o3(Xu + Yv), (3.8) 
also to within O(A2). Addition and subtraction of equations (3.7) and (3.8) gives o1 and o2 in 
terms of (~3, which is given by equation (3.6). 
We have found (~1, ~2, and (~3 such that 
AW = kajrj 
j=l 
to within O(A2), and a routine calculation verifies that 
(3-9) 
AF = 2 Xjojrj 
j=l 
(3.10) 
to within 0(A2). We are now in a position to construct the approximate Riemann solver. 
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3.2. Decomposition for General WL, wn 
Consider the algebraic problem of finding average eigenvalues x1, is, is and corresponding 
average eigenvectors ?I, 52, F3, such that relations (3.9) and (3.10) hold exactly for arbitrary 
states WL, Wn not necessarily close. Specifically, we seek averages fi, 4, 6, and ii in terms of two 
adjacent states WL, wn (on an z-coordinate line) such that 
j=l 
3 
AF = CXj&j?j, 
j=l 
where 
4.1 = ('JR - (0)L, 
w = (PY pu7 PIT, 
F(w) = (PK YP + Pa PwT, 
x 1,2,3 = y 
(3.11) 
(3.12) 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
(3.17a-c) 
(3.18a-b) 
T 
, (3.18~) 
G3 = (7 - ‘1 pAv 
Yii2 ’ 
& +& = Ap - G3(Xii + Yfi), 
i51-& = @P - &3(XG + Yc)) - $$, 
(3.19a) 
(3.19b) 
(3.19c) 
where 
and (3.20) 
U=Yu-xv, O=YG-xii, AU = YAu - XAv, (3.21) 
since X, Y are constant approximations to x8, yV in (&CR). We note that the solution to 
this problem is equivalent to seeking an approximation to the Jacobian A, namely A, with 
eigenvalues ii and eigenvectors fi, such that 
AF=AAw, (3.22) 
and is given by equation (2.19) with u, v, a, U, zr), and y,, replaced by 4, d, 6, 0, X, and Y, 
respectively. 
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The analysis of the above problem is quite detailed, and hence, we only give the final solution 
for the averages p, ii, V, and Ti. The required averages are 
(3.23a-b) 
(3.24) 
(3.25) 
so that the approximate eigenvalues Xj, approximate eigenvectors Fj, and the coefficients Gj are 
completely determined. By symmetry, similar results hold for the Jacobian $$. 
Summarizing, we can now apply the Riemann solver given above to the H-system in two 
dimensions using body/boundary fitted generalized coordinates and the technique of operator 
splitting. We can incorporate the results found here, together with any explicit one-dimensional, 
second order accurate scalar upwind algorithm (see, for example, [6]), and perform a sequence 
of one-dimensional calculations along computational grid lines in the c- and q-directions in turn. 
The algorithm along a line 77 = constant can be described as follows. Suppose at time level n we 
have data WI,, wn, given at either end of the cell (&,,[n) ( on a line n = TO), then we update w 
to time level n + 1 in an upwind manner. For a first order scheme, we 
At - 
add - JA< 
-Aj&jj to WR, 
At - 
add - JAt 
-Xj&jFj t0 WL, 
if ij > 0, or 
if ij < 0, 
where J is a constant approximation to the grid Jacobian xcy,, - x,,y~ in (JL, CR), A[ = i& - <r,, 
At is the time interval from level n to n + 1, and Xj, Gj, 3 are given by equations (3.17a)- 
(3.21) using the averages in equations (3.23a)-(3.25). Similar results apply for updating in the 
n-direction. It is then necessary to move forward in time until a steady state solution is found. 
The Riemann solver we have constructed in this section is a conservative algorithm (when 
incorporated with operator splitting) and has the important one-dimensional shock recognizing 
property guaranteed by equations (3.11) and (3.12). 
4. NUMERICAL RESULTS 
In this section, we give the numerical results achieved for a two-dimensional test problem using 
the scheme of Section 3. 
This two-dimensional problem concerns flow down a channel containing a 10% circular arc 
bump and a detailed description can be found in [7]. Figure 1 shows the Mach number along the 
channel wall for a 129 x 33 mesh, where the Mach number of the incoming flow is 0.675. This 
result is in agreement with those produced by other algorithms. 
5. CONCLUSIONS 
We have presented a simple Riemann solver for the two-dimensional steady Euler equations 
formulated as the H-system in terms of generalized coordinates. The scheme has good shock 
capturing properties, incorporates body/boundary fitted meshes, and has produced satisfactory 
results for a standard test problem in gas dynamics. This is useful when the flow is known to 
be steady, and the full Euler equations do not need to be solved but can be replaced by the 
H-system. 
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Figure 1. A plot of the Mach number along the channel wall. 
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